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ON GENERAL MULTILINEAR SQUARE FUNCTION WITH 
NON-SMOOTH KERNELS 

MAHDI HORMOZI, ZENGYAN SI, AND QINGYING XUE 


Abstract. In this paper, we obtain some boundedness of multilinear square functions 
T with non-smooth kernels, which extend some known results significantly. The cor¬ 
responding multilinear maximal square function T* was also introduced and weighted 
strong and weak type estimates for T* were given. 


1. Introduction 

It is well-known that the multilinear Calderdn-Zygmund operators were introduced and 
first studied by Coifman and Meyer [3, 4, 5], and later by Grafakos and Torres [12, 13]. The 
study of this subject was recently enjoyed a resurgence of renewed interest and activity. In 
particular, the study of multilinear singular integral operators with non-standard kernels 
have recently received pretty much attention. 

Before we state some known results, we begin by giving some definitions and notations. 
For any v G (0, oo), a locally integrable function K^(x, yi,..., ym) defined away from the 
diagonal x = yi = • • • = in satisfies the integral condition oi C — Z type, if 

there are some positive constants 7 , A, and R > 1 , such that 

(X 


\Kv{x,yi, 




A 


vj -(Er=ik-%i) 


( 1 . 2 ) 


/ ,ym) - K^{x,yi,--- ,ym)\ 

h V 


2 A\z — xj'’' 




whenever \z — x\ < ^ max^^ |x — y^j; and 
(1.3) 


dv\ 


\Kv{x,yi,...,yi,...,ym) - A^(x, yi,..., y',..., ym)p— < 


^\yj -y'jl'^ 


vJ - (Er=ik-yX 


whenever |y — y'j < -g maxT ^ |x — yj|. 
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Xue and Yan [20] introduced a multilinear square function T which is defined by 

( rco p ^ 

/ / K^{x,yi,...,ym)T\fj{yj)dyi,...,dy, 

Jo ^ 


2 \ 2 
dv 


for any f = (/i,..., fm) G 5(M”) x • • • x 5(M"') and all x ^ fljli ^upp/j- We assume that 
for some 1 < (?i, • • • ,qm<oo and 0 < q < oo, T can be extended to a bounded multilinear 
operator from x • • • x to L*?, where - = — + ••• + —. 

Xue and Yan [20] obtain the following results. 

Theorem A ([20]) Let T be a multilinear square function with the kernel satisfying 
the integral condition oi C — Z type. Then T can be extended to a bounded operator from 
X ... X L^{R^) to 

Theorem B ([20]) Let T be a multilinear square function with the kernel satisfying 
the integral condition of C — Z type. Let | = ^ + • • • + ^ with 1 < pi,... ,Pm < oo and 
assume that w satisfies condition, then the following results hold: 

(1) If there is no pi = 1, then ||T(/)||ip(^^) < C]XiL^ \\fi\\Ln{wi) 


(2) If there is a p* = 1, then \\T{f)\\Lv,o.{y^) < C]XiL^ \\fi\\Ln(wi) 

Recently, many mathematicians are concerned to remove or replace the smoothness 
condition on the kernel [1, 9, 19, 15, 8, 18, 17, 21]. It is natural to ask under the non¬ 
smooth condition, does Theorem A and Theorem B still hold or not ? In this paper we 
can give a positive answer: we can extend Theorem A and Theorem B to non-smooth 
case. Moreover, we introduce the multilinear maximal square function T* and weighted 
strong and weak type estimates for T* are also given. 

To begin with, we first recall a class of integral operators {At}t>o, that plays the role 
of an approximation to the identity modifying the original definition in [?] to extend it 
to a more general scenario. We assume that the operators At are associated with kernels 
at{x,y) in the sense that 


Atf{x)= f at{x,y)f{y)dy 

for every function / G LP(M”'), 1 < p < oo, and the kernels at{x,y) satisfy the following 
size conditions 


(1-5) \at{x,y)\ < 

where s is a positive fixed constant 
isfying 

(1.6) limr”+^/i(r") = 0 

for some t] > 0. These conditions imply that for some C > 0 and all 0 < p < p', the 
kernels at{x,y) satisfy 

l».(.T.!/)l < cr”-"!! + - j/l)-”-"'. 


h,(x,y) := . 

and /i is a positive, bounded, decreasing function sat- 
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Assumption(Hl) Assume that for each i = 1, • • • ,m there exist operators 
with kernels a\{x,y) that satisfy condition (1.5) and (1.6) with constants s and rj and that 

(i) 

for every j = 0,1,2, ■■ ■ ,m, there exist kernels such that 


<r(/i,-- - Jm),9> 


(1.7) 


/ [ , ym)fi (yi)• • • fm{ym)dy 

Jo 


2 \ V2 

— 1 9 {x)dx, 

V 


for all /i, • • • , /m, 5 in 5 with H^^^supp/fc n supp^f = (f). There exists a function cf) € C'(M) 
with supp(/) E [—1,1] and a constant e > 0 so that for every j = 0,1, • • • ,m and every 
i = 1,2, - ■ ■ ,m, we have 


( 1 . 8 ) 

Kyix, Ul, ■ ■ ■ , ym) d^t,v 2 / 1 ) ■ ■ ■ ) 2 /m) 

< _ ^^ ./ l 2 /i- 2 /fck __ 

“ {\x -yi\-\ - \-\x - ym\)^^ k^k^i (k - 2 /i| H- \-\x- 

whenever < k - 2 /i|/ 2 . 

Assumption (H2) Assume that there exist operators {At}t>o with kernels at{x,y) 
that satisfy condition (1.5) and (1.6) with constants s and tj, and there exist kernels 

Kf'^[x,yi, - ■ ■ ,ym) such that for all ,ym £ IK” and t > 0 the representation is 

valid 




(1.9) 


Kt!vix,yi, - ■ ■ ,ym) = I K^{z,yi,--- ,ym)at{x,z)dz. 


Assume also that there exist a function 4> £ C(M) and (j) C. [—1,1] and a constant e > 0 
such that 


1/2 


dv\ 

~) ^(Er=ik-2/k 


< 


( 1 - 10 ) Kt^}{x,yu--- ,ym) 

whenever < mini<j<m \x — yj\ and 

Kv{x, yi, • • • ,ym)- Kt^v {x,yi,--- , ym) 

\x - yk\ 


dv\ 

V J 


1/2 


( 1 . 11 ) 


A 


- (ZZil^-ykl 


E' 

fc=i 


+ 




J (Er=ik-2/fei)™”+" 


for some A > 0 , whenever 2t^/^ < maxi<j<m \x — yj\. 
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Assumption (H3) Assume that there exist operators {At}t>o with kernels at{x,y) 
that satisfy condition (1.5) and (1.6) with constants s and rj and there exist kernels 
such that (1.9) holds. Also assume that there exist positive constant A and e such that, 
( 1 . 12 ) 





,ym)- {x', 


yi, 


5 Vm) 


~) ~ (Er=ik-?/fc I 


whenever < mini<j<m \x — yj\ and 2\x — x'\ < 

Kernels Ky that satisfying (1.1),(1.7) and (1.8) with parameters m,A,s,r],e are called 
generalized square function kernels, and their collection is denoted by m—GSFK{A, s, y, e). 
We say that T is of class m — GSFOiA,s,ri,e) if T has an associated kernel K„ in 
m-GSFK{A,s,y,s). 


2. Endpoint estimate for T 

In this section we prove the endpoint estimate for multilinear generalized square func¬ 
tion. 

Theorem 2.1. Let T be a multilinear operator in m — GSFO{A,s,r],e). Then T can be 
extended to a bounded operator from L^{MF) x ... x into L^/™’’°°(M"’) with bound 

< Cn,m{A + \\T\\lpi x-xLPm^LP,oo). 

Proof of Theorem 2A. For simplicity, we write ||r|| = ||T||/,pi x...xLP"‘->-lp'°°. Let / = 
(/i,..., fm)- By homogeneity, we may assume that each fi G L^(R”) and ||/i||Li(Rn) = 1. 
It suffices to prove that for any A > 0, 

( 2 . 1 ) |{xGM”: |T(/)(x)| > 2"*A}| < C(A+||r||)^/™A-i/"*. 

For j = 1, 2,... , m, we consider the Calderon-Zygmund decomposition of each function 
fj at level (oA)^/”*, where a is a positive constant to be determined later. Then, each fj 
has the decomposition 

fj ~ 9j + ^j ~ 9j + bj,k 

k£lj 

with Ij being some index set, such that 

(i) \gj{x)\ < for all x G M"; 

(ii) there exists a sequence of mutually disjoint cubes {Qj,k}k&ij such that supp5j^fc C 
Qj,k, fj^n bj,k(x) dx = 0 and ||6j,fc||Li(Rn) < C(aA)^/™ \Qj,k\'^ 

(iii) EfcGL < C(aA)-V™. 

It follows from (ii) and (iii) that 

and hence 

(2.2) IlffjllLTK") - ll/illiTR") + < 1 + C*. 

Further, 

(2.3) hjh^HRr.) < (l + C)'/P^[C(aA)V”^](^’^-i)/^’^' =C(aA)i/(™P^). 
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E<‘' 

:= {x G R*" 

\T{gi,g 2 , ■ ■ 

,gm){x)\ > A}; 

EfI 

:= {x G R*" 

\Tibi,g2,... 

,gm){x)\ > A}; 

Ef 

:= {x G R” 

\T{gi,b2,g3 

■ ■ ■,gm){x)\ > A} 


:= {x G R*" 

\T{bi,b2,... 

,bm){x)\ > A}. 


That is, for 1 < i < 2™, 

= {x G M"- : |T(/ii, /i 2 ,..., hm){x)\ > A}, hj G {gj, hj} 

is) 

and all the sets are distinct. Thus, 

2m 

|{ieR": |T(/)(x)|>2’"A)|< 

i=l 

and we only need to prove that for 1 <i < 2™ and A > 0, 

(2.4) < C(x4+||r||)^/™A-^/™. 

First, we estimate By the x • • • x —>■ boundedness of 

T and Chebychev’s inequality, one gets that 


(2.5) 


1^(1) I ^ / ll^ll 0^=1115^111:^^(8") 


A 


1_ _1 \ P 


< C 


\T\\ (aX) 


1 v^m 

m = l p'. 


A 


= C*||T||^Q:^ m X m. 


(i) 

Now we estimate for 2 < i < 2™. Suppose that for some 1 < £ < m we have £ 

bad functions and m — i good functions appearing in T{hi, ..., hm), where hj G {gj, bj}. 
It suffices to prove that 


( 2 . 6 ) 


<cx- 




+ a "* + Aa 


1-^ 


Indeed, once we have (2.6), then combining with (2.5) and selecting a = (||r|| + ^4) we 
get (2.4). 

Now we prove (2.6). For each cube Qj^k obtained in the C alder on-Zygmund decompo¬ 
sition in (ii), we denote by Q*^. the cube with the same center as Qj^k but hy/n times the 
side length of that of Qj^k- By (hi), we have 


m 


u U 

j — 1 k^Ij 


-'^Yl - Crn(^VnT(aX) 

i—1 kGlj 


1/m 
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Thus, to get (2.6), it suffices to prove that 

(2.7) 


^ ^ U U ■ ■ ■ ’ 

j=i keij 


< C* A "* 


Iripo!^ + a m -\- Aoi 


1 --!- 


^ {dj^ bj}. 


Without loss of generality, we may assume that 

^ \gj, j = i + l,...,m. 

Fix X ^ UjLi Dkeij k- Then, by the C alder on-Zygmund decomposition, we write 

(2.8) T{bi,.. .,bi,ge+i,.. .,gm){x) 

~ ^ ^ T(6i fcj ) • • •) ) di+ij • • •) 9m) {x) 

/ci,fc 2 

/ A 

E E T(&i,fei ,... ,bi^ke, 91+1, ■ ■ ■ ,9m){x) 


I 

E 

i=i 


ki,...,kj-i kj€Qj 
kj+i,...,ki 




=■ ^r(^)( 6 i,.. .,bi,gi+i,.. .,gm){x), 
i=i 

where, for 1 < j < ^, we recall that supp bj^kj C Qj,kj and define 

Qj := {kj G Ij :i{Qi^ki) > KQj,kj) for 1 < i < j - 1, 
i{Qj,kj) < iiQi,ki) iov j + 1 <i<£}. 

Notice that Qj is given by collecting all the indices kj G Ij such that the side length of 
Qj,kj is the hrst smallest among those of {Qi^ki, ■ ■ ■ ,Qe,ke}- Therefore, the proof of (2.7) 
can be reduced to the following estimate: 


(2.9) 


- ^ U U : \T^^\bi,... ,bi, gi+i,..., gm)ix)\ > A 


2 = 1 k£li 
1 


< CA' 


ITIPq;^ m a rn Ao! 


1 — 


1 < J < T 


Without loss of generality, we may consider only the case j = 1 in (2.9). Choose 
bi,ki = (\/n^(Qi,ki))^, where s is the constant appearing in (1.5). Write 

+ ■ ■ ■ , + guii ■ ■ ■ 

= E E T{bi^ki • • •) bi^ke, 9e+i, ■■■ , 9 m) (x) 

fci€©l 

~ 'y ^ y ^ Tibi^ki ~,b 2 ,k 2 , ■ ■ ■ ,bi^ki, 9(.+l, ■ ■ ■ , 9m){x) 
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+ E E ki ^1)^1 ’ ^ 2 ,fc 2 ) • • • ) ) 9i+li ■ ■ ■ 1 9m){x) 

k2,---',k£ fci€©i 

=: {bi,...,be, ge+i ,..., 5 ™) (x) + {bi,...,b£, ge+i ,...,gm){x). 

Consider first the operator We get 

\T^^'^\bi,...,b£,ge+i,...,gm)ix)\ 

< \T{bi^ki - ’hk 2 ^ ■ ■ ■ 9e+i,-■ ■ ,9m){x)\ 


k2,...,k(^ fciS©! 

E E 

k2,...,k( fciS©! 


[K^{x, 2 / 1 ,..., 2/m) - 2/1, • • • , 2/m)] 


f/ Y1X 2 \ ■" 

^nri \sXsii)\<iy —) 


■^E E 

k2,...,ki fciG0i 


1)"* \Jo 


Ky{x,yi,... ,ym) - (x, 2 / 1 , 


2 (ix\ 2 


X ni^hfc,(yi)l n lffi(2/i)l c?27 


s-^E E 

k2,...,kl fciG0i 


i Eti \x-y,\ J ^ ™ 

^ fs^m I lil^-,fc.(^i)l 11 b*(2/*)|rfy 

d- iz^i=i I® ydj 


m « 

,5 L 


(j) ( ^ 

, (yrn n 

d™ VZ^i=iF-2/*l) ,=1 i=£+i 


n= 2 A: 2 ,...,A:^ fciG©! ^ j=l i=E+l 

=:Fi(x) + F 2 (x), 

where we have used Assumption (HI) since \x — yi\ > For El(x), by the dehnitions 

of ti^ki and © 1 , we see that 


Fi(x) < A 


•)» ^ 

' J —1 kjGlj 


\x-yj\ rj,kj[yj)\ 


dOlAl) 1 ^/™ 


J(Qi,kA+\^-yi\\ 

(^(Qi,fci) + |x - 2/i|) 


bily*)! 


Therefore we obtain that for £ + 1 < f < m, 


' dQix,) 
/{Qi,kA+\^-yi \ _ 


\ 9 i{yi)\ 


+ k - yi\y 


dyi < CM{gi){x) < C(aA)^/™. 
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Recall that we have assumed that x ^ Ufce/i Qik- Consequently, x ^ Qjkj each 
1 < J For such an x and all y € Qj,kj, it is easy to see that 

4 4 

- Cj^kjl <\x-y\< -|x - 

where cj^kj denotes the center of the cube Qj^kj ■ Furthermore, we have 

s/m 

\^j,kj{yj)\ 


E 




\x 


-y.t 


dyj 


< 






e/m 


ll^i,A:jllLi(R") 


X — 


^j,kj 


KQj,kj) 

||a^ — Cj^kj 


e/m 


kj&Ij L5 


KQj,kj) 

\x Cjjfcj 


e/m 


kj^L 

Define the function 

( 2 . 10 ) := ^ 

Then, we have proved that 

e 

( 2 . 11 ) Yi(x) < CAaX Mj^i/^{x). 

j=i 

Next, we shall use the following estimate in [18, p. 240]: 


\Qj,kj I 


X — 


^j,kj 


\Qj,kj I 

1^ I 


( 2 . 12 ) 


/ Mj^^i^{x)dx <C V] \Qj,kj\- 


By this and Holder’s inequality, we get 

e 


(2.13) 


^i[j[jQlk-- |Ei(x)|>A /4 

i=l kGli 


< 


< c 


® ^ U U ^Ik ■ AaYlMj^i/mix) > C 

i=i keii j=i 


f X6 


<C Aa 


l/£ 

Ha JJMj'i/^(x) dx 
i/l 


nf 


Ufcg/j Q^k 


^j,l/m(x)dx 
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< 






U =1 


where the last step is by (iii) and the fact Aa < 1. 

Now we consider Y 2 {x). Indeed, the estimate of Y 2 is exactly the term T 2 
p. 2100], which provides us the following estimate: 


( 11 ) 




m / i 

¥,(:,) <CA{aXf>”‘ 

k=i+l \j=2 

where for any e > 0 and 1 < j < m the function is given by 


and M is usual the Hardy-Littlewood maximal operator. 

It is known from [7, (2.6)] that for any p G (n/(n + e),oo), 


i/p 


(2-14) ll^j,e||l,P(K") < C j ^ \Qj,kj 

By (iii), we further have that 


1/2 


(2.15) 


<c[j2 \Qj,k,\ < C(aA)-i/(2-). 


By the L^-boundedness of M, property (i) and (2.2), we have that for all 1 < z < u 
(2.16) 11M(<7 *)||l2(r.) < Cll<7.1lL2(Kn) < C(aA)V(2™)||5^||V2^^^ < C(aA)V(2-). 

From (2.15) and (2.16), it follows that 

1E2(x)1>A/4 

i=l kGli 


< 


< c 


y2(x] 

A/4 

A(aXy/ 


dx 


2 

m— 1 


E 

fc=r-i-i' 


Vi=2 


in [7, 
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2 

m — 1 


x) + " (.t)) ^ dx. 

’ m — 1 / 


n ^(5*)(a 

\i^k, i-\-l<i<m 

In the last formula, there are m — 1 factors inside the integrand. Since i > 1, so for the 
special case m = 2, we have only the last factor {M{gk){x) + (a:))^ inside 

the integrand. We shall use the inequality: 


m —1 


(2.17) 


[Fi{x) ■ ■ ■ Fm-iix)]^-i dx < [ I [Fj{x)fdx 

j=i 


1 

m—l 


This inequality holds with “=” when m = 2, and it follows from Holder’s inequality when 
m >3. Therefore, by (2.17), we have 


(2.18) 


\Y2{x)\>\/A 

i=l k&Ii 


< c 




E (niiG.siiiirw 


k=i+l \j=2 


X n 


< C 


lL 2 (]Rn) + (q;A)^/™|| 

'H(aA)^/' 


2 

m — 1 


2 

m—l 


A 

2 


aA) 2m . (aA) 2m . (q;A) 2m 


= C{Aa)—^{aX)-^/^, 


which is bounded by CAa{aX) since Aa < 1 and > 1. 
The relations (2.13) and (2.18) together yield that 


; |r(^’^)(6i,...,6£,5r£+i,...,fi(^)(x)| > A/2 

i=l kali 


< C (Aa) m [1 -|- Aa]. 


Thus, to obtain (2.9), it remains to prove 


(2.18) 


^ u u «« : ... ,be, ge+i,..., gin){x)\ > A/2 


i=l kali 


< C{aX)-Y^. 


To handle the rest of the proof we use (2.14), Chebychev’s inequality and the x • • • x 
Li^ —)■ boundedness of T to get the desired result. This concludes the proof of the 
Theorem. 

□ 













ON GENERAL MULTILINEAR SQUARE FUNCTION WITH NON-SMOOTH KERNELS 


11 


3. Weighted estimates for T 

In this section, we will study the multiple-weighted normal inequalities and weak-type 
estimates. Our main results in this section can be stated as follows. 

Theorem 3.1. Let T be a multilinear operator in m — GSFO{A,s,r],e) with a kernel 
satisfies Assumption (H2). Let ^ = ^ + ■ ■ ■ + ^ ^ Pij ■ ■ ■ iPm < oo and ui & Ap 

with p > 1. , then the following hold: 

(1) If there is no pi = 1, then ||T(/)||ip(^) < ll/illL^H 

(2) If there is a pi = 1, then ||r(/)||ip.oc(^) < COIILi Wfibniuj) 

The proof of Theorem 3.1 is similar to [16, Cor. 4.2], which is based on the following 
lemmas. 

Lemma 3.2. f[10]J Let 0 < p,5 < oo and w be any Mackenhoupt A^o weight. Then there 
exists a constant C independent of f such that the inequality 

(3.1) f {Msf{x))^oj{x)dx < C f {M^f{x))^u!{x)dx 

holds for any function such that the left-hand side is finite. 

Moreover, if (p : (0,oo) ^ (0,oo) be a doubling, that is, ip{2a) < Cip{a) fora > 0. Then, 
there exists a constant C depending upon the A^o condition of w and doubling condition of 
if such that 

(3.2) sup (p{X)uj{{y G M” : Msf{y) > A}) < Csup¥5(A)a;({y G M."- : m|/(i/) > A}) 

A>0 A>0 

for any function such that the left-hand side is finite. 

Similar as [20, Lemma 4.2], we can easily get 

Lemma 3.3. Let T be a multilinear operator in m — GSFO{A, s,rj,£). Suppose supp 
fi C B{{),R), then there is a constant G < oo such that for \x\ > 2R, 


T{f){x)<CllMffix). 

i=i 

Lemma 3.4. Let0<d < 1/m and let T be a multilinear operator in m — GSFO {A, 8,7], s) 
with a kernel satisfies Assumption (II2). Then there exists a constant C such that for any 
bounded and compact supported function fi,i = 1,... ,m. 

m 

MfTf{x)<G\{Mffix). 


Proof. Fix a point x G M"' and a cube Q containing x. For 0 < 5 < 1/m, we need to show 
there exists a constant cq such that 



CQ 



<GllMffix). 

i=i 
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Let CQ,t = ,ym)njLi fj(yj)dy, where a = (ai,--- ,am) with 

Gi = 0 or oo and let cq = • 


1 


'Q 


nf){z)-cQ 


S \ 1/5 
dz 





&/2 \ 1/5 


2 \ 

t' 


P m 

/ {Kt{z,y) - Kt{x,y)) J| \f^^{yj)\dy 





*1 


07^0 

By using Kolmogorov’ inequality and Theorem 2.1, we get < Cfl^i Mfj{x). 
Now, we turn our attention to the integral 

, \ 1/2 m 

\Kv{z,y) - K^(x,y)|^ j \f^^{yj)\dy, 


which can be decomposed as 

p / pOO 


,2 dv\ 


j=i 

1/2 m 


\Kv{z,y) - K^{x,y)\^ —j lfp(yj)ldy 


< 


J=i 

m 


+ 


2d \ 1/2 

K^(z, y) - iLj® (z, y) n (yj)\^y 

z j = i 

OO ^2 rj \ ^ 

k[^v {z,y) - K^{x,y) JJ |/"^ (y ^)|dy 


1=1 


= : / 1 +/ 2 . 

By (1.11) in Assumption (H2) we obtain that 


/. < c n 

jGl/lvJi} ' 


Q 


\fjiyj)\dyj 




+ 


< 


\fj(yj)\dyj 


f 

^ H [ \fjiyj)\dyj(f2 


^ ( 2 fc|Q*|l/n)« 


h k+lr^ y kr, ^ I H- 
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i=i 


I 2 can be estimated in a similar way, which is also dominated by Mfj{x). Then, 

by Minkowski’s inequality and above estimates, we get 



m 

<CX{Mfj{x). 

i=i 


This concludes the proof. □ 


4. Weighted estimates for T* 

In this section, we will study the multilinear maximal square function T* 


T*{f){x) 





Kv{x,yi,...,ym)Y{ fj iVjW 


i=i 


1 

2 


It should be pointed out that there is another kind of multilinear maximal square 
function T** given by 


T**{f){x) = sup (r 
(5>0 Wo 

It is obvious that T**{f){x) < T*{f){x). Thus, it is more meaningful to give some 
estimates for operator T*. In this following, we establish some multiple-weighted normal 
inequalities and weak-type estimates for T*. 

Theorem 4.1. Let ^ ^ ' “I" ^ and uj € Ap with p > 1. Let T be a multilinear 

operator in m — GSFO{A, s, y, e) with a kernel satisfies Assumptions (H2) and (H3). Then 
the following inequality holds: 

(i) If 1 < Pi, - ■ ■ ,Pm<oo, then 

m 

i=l 

(a) If 1 < Pi, - ■ ■ ,pm <00, then 

m 

ECnil/illArq.). 

i=l 

To prove Theorem 4.1 we need some lemmas. 




Kvix,yi, 


,ym)Y[fj(.yj)dy 

i=i 


dv 
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Lemma 4.2. Let T be a multilinear operator in m—GSFO{A, s, rj, e) with a kernel satisfies 
Assumptions (H2) and (H3). For any rj > 0, there is a constant C < oo depending on rj 
such that for all f in any product of spaces, with I < qj < oo, then the following 

inequality hold for all x G EF 


T*{f){x) < C \^M,{T{mx)+JlM{ffi{x) 

Proof. For a fixed point x and 5 > 0 we denote by Us{x) = {y : 1^ “ 

Vfix) = {y : infi<j<m \ yj — x| > (5}. It is clear that 


T*{f){x] 


< 


/ sup 

'o (5>0 


Lus{x)vjVs{x)y 


Kv{x,y)Wfi{yi)dyi 


2=1 


dv 


+ 


/ sup 

/o s >0 


Kv{x,y)Y\_fi{yi)dyi 


dv 


’Vsix) 

By using the size condition and Minkowski’s inequality, we get 


(4.1) 


'{Us{x)uvs{x)y 


Ky{x,y)Y\_fi{yi)dyi 


2=1 


dv 


< C 


'{Us{x)uVs{x)r \J0 


, \ 2 m 

\Kv{z,y)\^ W\fi{yi)\dyi 

' 2=1 


< C 


A 


liusix)uvsix)r id + ET=i h - ^ 1 )™" 


n \fiiyi)\dyi 


< 


c’ n 4 


\fiiyi)\dyi 


y, I (mn)/(m—/) I I 


X n 


’\x-yj\>5 


<C^M{ffi{x). 

i=i 


We are ready to estimate the second term. Fix (5 > 0 and let B{x,5/2) be the ball of 
center x and radius 5/2. Set /o = {fiXB{z,5),- ■ ■ , fmXB{z,S)) , for any 2 : G B(x, |), we have 


Tsimz) 


'Vi ( 2 ) 


Kv{z,y)Y\_fiiyi)dyi 


2=1 


dv 
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/■ /mm m 

/ / ^v{z,y) I ]^/i(yi) fi{yi)XQ{z, 5 ) ~fiiyi)X{Us{z)UVs{z)) 

V*=i *=i i=i 


dVi 


2 \ 2 
dv 


< 


( /.QQ p m 

/ / Kvix,y)T\fiiyi)dyi 

Jo J (Us{z)uVsiz)r tJi 


dv 

V 


The condition z G B{x,6/2) and \yj — z\ > 5 imply \yj — z\/2 < \yj — x| < 2\yj — z\. By 
using an argument as that in (4.1), we deduce that 


iiusiz)uvsiz)y 


Kv{x,y)Y\_fi{yi)dyi 


2 = 1 


2 \ 2 
dv 


<CllMifj){x). 


In order to estimate Ts{f){x) — Ts{f){z), we introduce an operator T which is given by 


Tsfiz) = 


J(R") 


Kviy, y)at{z, y)dy fi{yi)dyi 


2 = 1 


2 \ 2 
dv 


where t = (<5/4)^ and s is a constant in (1.6). We decompose it into 
fs{f){x)-fs{f){z) 

< T 5 {f){z)-fs{f){z) + rs{x)-Ts{f){z) + Ts{f){x)-Ts{f){x) 

= / + // + III. 

For the first term we use Assumption (H2). First note that \z — yj\ > 5 = This, 

in combination with the fact that suppc;/!) C [—1,1], yields that — 0- By the facts 

that z ^ B{x, 5/2) and \yj — z\> 5, we obtain 

< \yj - x| < 2\yj - zj. 


By (1.11) in Assumption (H2) we obtain that 


T5if){z)-fsif)iz] 


IVsiz) J(R") 


Kv{y, y)at{z, y)dy fi{yi)dyi 


>Vsiz) 


Kviz,y)Y\_fi{yi)dyi 


2 = 1 


2=1 

2 \ 2 
dv 


2 \ 2 
dv 


< 


'Vsiz) 


rri 

(^1 y) - J^viz, y)) fi{yi)dyi 


2=1 


2 \ 2 
dv 
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< 


< 


< 


< 


'Vs(z) 


m 

Ky{z,y)- {z,y)\W\fi{yi)\dyi 


>Vsiz) Vo 


Kv{z, y) - {z, y) 

5^ 


2=1 
2 2 
V 


dv 

V 


Ivsiz) {\z-yi\ + --- + \z- 

r S' 


n \Myi)\dyi 

2=1 

YilMydldyi 


' \yi—x\>S,...,\ym—z:\>S (1^ l/ll “1“ ' ' ' “1“ 2/m|) 


Y{\Myi)\^yi 


i=i 


Similarly we get III < W^=i M{fj){x). 
We now turn to the second term II. 

Ts{f)ix)-Ts{f){z) 


<c 1 

' poo 

C f m2 

/ / at{x,y)K^{y,y)dyW fi{yi)dyi 


^Jo 

JVs{x)\Vs{z)JVX 


.c ( 

‘ poo 

iJo 

PC ^ 

/ / at{x,y)K.^{y,y)dy\\fi{yi)dyi 

JVs{z) JR^ 

y) 

-( 

poo 

Jo J 

PC ^ 

/ / at{z,y)K^{y,y)dyWfi{yi)dyi 

'Vs(z) iR- 

1 

2 \ 2 

dv \ 

V 


dv 

V 


= Ih+Ih. 

As in [8], since 2 ; G B{x,d/2), we use the fact ^ 35 / 2 ( 2 ;) C Vs(z) and Vs{x) \ Vs(z) C 
Vs{x) \ V'j,ii 2 {x) C (M"')™' \ {Us{x) U V 3 s/ 2 {x)). By (1.10) in Assumption (H2), we obtain 


IIi<C 


L 


[ 

J(K 


)^\{Us(x)UV3S/2{x)) \J0 

il 

)--\{Usix)UV3S/2ix)) \J0 



Kviy,y)atiz,y)dy 


dv 


— Y{\fiiyi)\(^yi 


2 = 1 


°° ( 0 ). 


Ktv v) — ) Yl\fiiyi)\du 


<c 


I 

J(M 


A 


2=1 

m 


)"^\{Us(x)uv3s/2{x)) ('^ + \yi - fJi 

m 

<CWM{f^){x). 


Wfi{yi)dyi 
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For 1/2, we use (1.12) in Assumption (H3), and a similar argument as in term I to 
deduce that for z G B{x, 6/2) we have 


Il2 = 


(a;, y) n 


>Vsiz) 


i=l 


2 \ 2 

dv 


<C 

<C 

<c 


IVsiz) 


>Vs{z) 


Kl°vi^^y)t]_fiiyi)dyi 


2 = 1 


2 \ 2 
dv 


{x, y) - k[^v {z, y)) JJ fi{yi)dyi 


do) 


2=1 


2 \ 2 
dv 


[ ([ y) - y) —) flMyi)du 

Jvs(z) \Jo V J 


'|yi-x|>5,...,|y^-x|>5 {\z-yi\ + -- - + \z- ym|)™’"+" fJi 


'[{\fiiyi)\dyi 


<Cl[M{f,){x). 

i=i 

Then we obtain 

m 

II <C\{M{fj){x). 

1=1 

Thus, for any z G B{x, 6/2), we have 

m 

fsif){x) < C n M{fj){x) + \T{f){z)\ + \Tifo)iz)\. 

1=1 

Fix 0 < r] < 1/m. Raising the above inequality to the power y, integrating over 2; G 
B{x,6/2), and dividing by B we obtain 


fsif){x) "<c[ nM(/,)(x) J +M (r(/r) (x) + \T{fo){z)\^dz. 


The left part is the same as in [8]. Then we finish the proof of this Lemma. 


□ 


Lemma 4.3. (|6]J If co G Ap and p > 1, then M maps from L'p{uj) to L'p{uj). 
Lemma 4.4. (|2] j If uo G Ap and p > 1, then M maps from LP'°°{u}) to LP'°°{u}). 


Proof of Theorem 4.1. 
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Proof. We choose a positive number rj such that rj < p, then Theorem 4.1(ii) follows by 
using Lemma 4.2, Lemma 4.4, Theorem 3.1 and the Holder inequality for weak spaces(see 
[11], p.l5). 


j=i 


= 6-1 ||M(|r(/t))||\^ 


<c iiiT(/)nr. +nii/jiimM 


Lv'°"{ui) 


i=i 


j ||T(/)||ip,oo(^^) + ||/j,-||^Pj(^) 

1=1 


m 

scnii/; 

1=1 


111 (uj) ■ 


The proof of (i) is similar. 


□ 
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